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Abstract

This paper presentsa new class of block turbo-equalizersfor single-carriertransmissionover

Multiple-Input Multiple-Output(MIMO) broadbandwirelesschannel.The key underlyingideaconsists

in equalizing(nonoverlapping)groupsof symbolsanddetectingtheir individual space-timecomponents

in a disjoint and iterative fashion.This functional split naturally inducesnew designoptionsthat have

beenaccuratelylisted and described,i.e., choiceof distinct criteria for InterGroupInterference(IGI)

equalizationand intra-groupcomponentsdetection,yielding hybrid structures,multiple iterative loops

and relatedschedulingvariants.Selectedalgorithmsin the proposedclassare comparedin terms of

performanceunder various transmissionscenarios.For all of them, Minimum Mean SquareError

(MMSE) IGI equalizationcertainly occupiesa centralrole (at leastfor the first iteration) andmay be

identified as the computationalbottleneck.Fortunately, block spreadtransmissiontogetherwith cyclic

prefix operationsmake the channelmatrix block circulant, thus allowing low complexity inversionin

the Fourier domain.
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I . INTRODUCTION

The GeneralizedMulti-Carrier (GMC) quasi-synchronousCode Division Multiple Access

(CDMA) [1] was recently advertisedas the framework for future-generation(4G) broadband

radio interfaces[2]. This conceptrelieson threekey features,namelyblock spreadtransmission

(quasi-staticchannelassumed),cyclic prefix (to suppressInterBlock Interference(IBI) and

guaranteechannelmatrix circularity) and judicious choice of the user signatures(to mitigate

other typesof interferences).GMC-CDMA allows an unifying formalism which, in particular,

encompassesSingle-CarrierTransmissionwith Cyclic Prefix(SCT-CP),seenasa form of Multi-

Carrier Transmission(MCT) with DiscreteFourier Transform(DFT) precoding.SCT-CP, the

main concernhere,is demonstratedto have a twofold interestcomparedto MCT: it reducesthe

Peak-to-AveragePower Ratio (PAPR), which is crucial for mobile terminals(cheaperpower am-

plifiers and/orgreaterrangefor theuplink), andis far lesssensitive to phasenoiseandfrequency

offsets [3] [4] [5]. Furthermore,SCT-CP efficiently exploits frequency diversity, through the

recovery of inherentmultipathdiversity. Indeed,broadbandwirelesschannelscanbe turnedinto

equivalentchannelswith very little small-scalefluctuationsvia powerful block turbo-equalizers.

As a matterof fact, the complexity of suchadvancedreceivers is muchhigher than the oneof

typical MC receivers.However, thanksto the CP insertionat the transmitter, their complexity

canbe drasticallyreducedby implementingthemin the frequency domain(see[7]-[12] andthe

referencestherein).

This paperdescribesa broadfamily of frequency domainblock turbo-equalizersfor SCT-CP

over MIMO broadbandwirelesschannel.We intentionally focus on Block Linear Equalization

(BLTE) at first iteration[6] [8] [10] [13] [14] since,contraryto whatassertedin [12, p. 468], it is

moreefficient for codedsystemsand lesscomplex thanBlock Decision-FeedbackEqualization

(BDFTE) within an iterative structure[14, VIII. Conclusion].Not only do we content with

generalizing[7] to the MIMO case,but we focus our derivations on a recently introduced

conceptimplementedin the time domain with a sliding window approach[15], nonexistent

in [9] [10] [12]. The key underlying idea consistsin equalizing(non overlapping)groupsof
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symbolsand then detectingtheir individual space-timecomponentsin a disjoint and iterative

fashion.InterGroupInterference(IGI) equalizationpreferablyrelieson Minimum MeanSquare

Error (MMSE) criterion. Greaterreceiver designflexibility and potential optimization of the

performance/complexity trade-off comeasa result.Complementingswiftly mentionedremarksin

[15], we addressmany algorithmicsubtleties,showing how to take advantageof thenew degrees

of freedomat our disposal,namelythe choiceof the criteria retainedfor IGI equalizationand

componentdetection,their possiblehybridization and the various schedulingoptions induced

by the functional split (i.e., the doubly iterative structure).Particular emphasisis put on the

grouping strategy which naturally emerges from the vision of MIMO communicationsas the

transmissionof multidimensionalsymbolson a Single-InputMultiple-Output (SIMO) channel.

This shift in viewpoint wasalsothecoreof [15]. For this particularcase,intergroupinterference

coincideswith InterSymbolInterference(ISI), in multidimensionalsense,while detectiondeals

with Co-AntennaInterference(CAI) (i.e., spacecomponents).Interestingly, the conventional

turbo-equalizer, inspired by Wang and Poor’s seminal paper [13], where both ISI and CAI

are jointly cancelledin MMSE sense[16] [17] [18], is proved to come as anotherparticular

case,in which groupsaresimply reducedto individual space-timecomponents.We intentionally

derive the proposedfamily of frequency domainblock turbo-equalizersin a quite genericway

in order to highlight its suitability to MIMO Multi-User (MU) andSingle-User(SU) scenarios

and to many space-timeinterleaved coding schemes,including amongothersSpace-Time Bit-

Interleaved CodedModulation (STBICM) (see[15] andthe referencestherein).

Thepaperis organizedasfollows.SectionII introducesthecommunicationmodel.SectionIII

is the coreof our contribution, in which we detail the novel turbo-equalizingconceptandshow

how to usethe Fourier domainto implementit in an efficient manner. SectionIV is dedicated

to numericalresults,while SectionV concludesthe paper.

Notation

� Thesuperscripts
�

and
�

indicateconjugate,transposeandHermitiantranspose,respectively.

� diag����� , tr ����� and det�	��� denotediagonal,trace,and determinantoperatorson squarema-



4

trices,respectively.


 �	��
 denotesexpectation.Unlessotherwisestated,bold letters � and � areemployed for

expressingcovariancematrices.


 We usethe proportionalitysymbol � in order to indicatethat the quantity in the RHS is

definedup to a multiplicative factor chosento producea true probability massfunction

(pmf) or probability densityfunction (pdf).


 Matricesaredenotedby capitalletters� , with ����� row ��� and ����� column ��� . Entry ����� �"! is

denoted# �%$ � or equivalently & �(' �)$ � . The *,+-* identity matrix is denotedby .0/ while 1"/ and

2 / standfor the all-zeroor all-one * -dimensionalcolumnvectors,respectively. From any

matrix � of dimension*3+54 , we candefinethevector � 687:9<;=�>�(!?6 �A@B � �C� � �D�A@/FEHG @
of size *I4 .


KJ / denotesthe DFT unitary matrix of dimension*L+�* with entries & J /M' �)$ � 6 GN / 9 E�OQP)R0SUTV �
����� �W!?XY&[Z�� *]\_^`'ba .


 Theblock DFT matrix of dimension*I4c+d*?4 is simply definedas J / $ e 6 J /gfh. e where

f is the Kronecker product.


 For any complex vector i X / e madeof * stacked complex subvectorsof dimension4 ,

the block DFT transform i j,X / e is definedas i j-6 J / $ e i .

I I . COMMUNICATION MODEL

We startconsideringa generalMIMO MU scenariowhere 4lk activeusersshare a pool of 4nm
antennasto transmitinformation towardsthe receiver equippedwith 4po antennas.The number

of antennafor userq is 4srbtvum . Eachuserseesits own 4pol+d4]rwtvum quasi-staticMIMO channelwith

memory x (i.e., all userchannelshave the samememory).The MIMO SU scenarioobviously

follows when all transmit antennasare given to one single user at a time. Usershave no or

very limited information about their channelat transmitter. Perfectchannelstate information

is available at receiver. At the level of eachuser, a distinct space-timeencoding y t mapsa

vector of information bits � t of length �Hr[t=uz into a codeword { t which always can be put

underthe form of a complex matrix of dimension4 rwtvum +|* where * standsfor the space-time
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codelength. The set of all matrix codewords (i.e., the space-timecode) for user } is denoted
~��

. The (possiblynon-linear)mapping � �
comprisescoding(over Galoisfield � ), space-time

interleaving (at bit or symbol level) andmodulation(specificlabelingrule per constellationper

transmitdimension).We also definethe overall space-timeencoding� which mapsthe vector

����� �A���� �C�C� � ����	�H��� � of stacked userbinary informationmessages(size ��� ) into a codeword

�
of dimension�p���K� madeof the stacked correspondinguserspace-timecodewords, i.e.,

� �
� �
...

� ���	�H�
. (1)

Columnsof
�

belongto themultidimensionalconstellation� madeof theCartesianproductof

all constellations�?� �� ¢¡ �[£ � �p��¤¦¥ � . NotethatsuchageneralformalismalsoencompassesMIMO

SUwith layeredspace-timecodingarchitectures(e.g.,[19, LST-II] [20]). Unlessotherwisestated,

thevision of a globalspace-timecode
~ �¨§ � � �Y© �«ª?¬W� ¡ ­`®�d¯ is favoredin therestof the

paper. The spectralefficiency is ° � ���C±�� (in bits/c.u)underideal Nyquist bandlimitedfiltering

assumption.We assume §=² ­ ²�³­ ¯ �µ´ �·¶ �¹¸ � . Power distribution amongusersis taken into

accountin the additive noisecovariancematrix. Moreover, consideringthat active usersemploy

BICM (if they have only one transmit antenna)or STBICM (if they have multiple transmit

antennas)turns out to be a good strategy to achieve spectrally-efficient power-efficient reliable

communicationin this particularsetting.The block transmissioncontext allows us to assume

that a CP of length ��ºH»¼©�½c¾ ª is insertedturning the complex matrix
�

into
�À¿ � ��Á ºH» of

dimension�p�]�Â©��ÄÃÂ�ÅºH» ª where
Á ºH» is the matrix of dimension�Æ�Â©Ç�ÈÃ8��ºH» ª given by

Á ºH» � ÉËÊ[Ì � ÌFÍvÎÐÏ�Ñ�Ì"Í=Î ´ Ì � Ì"Í=Î ÉËÊbÌ � ÌFÍvÎWÏ�Ñ�ÌFÍvÎ
´ ÌFÍvÎ ÉFÌ"Í=ÎÒÑHÊ[Ì � ÌFÍvÎÒÏ ´ ÌFÍvÎ

. (2)

For eachuser, transmissionoccurson �pÓÄ�s� Ê � Ï� MIMO which is quasi-static,i.e., constantfor

�AÃÔ�ÅºH» channelusesand fully characterizedby its Finite ImpulseResponse(FIR) madeof

¾ ÃÕ¥ non-zerosymbol-spacedmatrix taps Ö Ê � Ï� � ������� Ö Ê � Ï× of dimension �pÓ|�Æ� Ê � Ï� with zero-

meancircularly symmetriccomplex Gaussianentriessatisfyingthe normalizationmeanpower
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constraint

diag

Ø
ÙÛÚQÜ

ÝKÞ[ßvàÙ Ý�Þbßvà�áÙ âcã Þbß=àäæå0ç�è . (3)

Freespaceattenuationandshadowing for eachuserchannelaretakeninto accountin theadditive

noisecovariancematrix.Fromtheuserchannels,wedefineanoverallcompoundchannel
Ý

made

of é êcë non-zerosymbol-spacedmatrix taps
Ý Ü<ì í�í�í�ì Ý Ø of dimensionãnîKï|ã ä definedas

Ý Ù â Ý Þ Ü àÙ í í í Ý Þ ç�ð	ñHò àÙ . (4)

This againallows to treatMIMO MU andMIMO SU scenarioswithin a unifying formalism.Let

óÄô
denotethereceive matrix of dimensionãnîõïÈö�÷ ê ÷ÅøHù�ú . After CPdeletion,we obtaina new

matrix
ó â ó ô�û øHù of dimensionãnîdïü÷ where

û øHù is thematrix of dimensionöÇ÷ ê ÷ÅøHù�úýïd÷
given by

û øHù�â
þ"ÿ�� ��� ÿ

å ÿ (5)

whosecolumns ���	� ç è ì�
 â
� ì íCí íCì ÷�� ë ì verify

��� â
Ø
ÙÛÚQÜ

Ý Ù�� Þ � ñ Ù à������ ÿ ê���� . (6)

The noisevectors ����� ç è
are assumedindependentidentically distributed (i.i.d) circularly

symmetriccomplex with covariancematrix ��� , i.e., the time correlationbetweennoisevectors

��� is neglected.They form thematrix noise of dimensionãpîhï-÷ . Model (6) canberewritten

in time domainunderthe matrix form

� â"!$# � ê%� (7)

where � â'&)(+*Qö-,Äú ì � â'&)(+*=ö ó ú , � â'&)(+*=ö  ú (covariancematrix �.� â å ÿ0/ �.� ) andwhere

!$# is the block circulant matrix of dimension ãpî�÷¨ï ã ä ÷ whosefirst column is madeof

the channelimpulseresponseappendedby ö�÷1� é � ë ú zeros.As a result,
Ý # can be block

diagonalizedin theFourierbasis,i.e., !$#Iâ32 áÿ54 ç è76 2 ÿ�4 ç98 with 6 â diag: 6 Ü�ì<;+;+;Ëì 6 ÿ ñHò>= where

6	?�@
Ø
ÙÛÚQÜ

Ý Ù ( ñBADCFE>G HI . (8)
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Hence,a frequency domainequivalentof (7) is

J KMLON�P KRQ%S K
. (9)

Model (7) canalsobeachievedwhenresortingto thesocalledZeroPadding(ZP) with OverLap-

Add (ZP-OLA) technique[22] [23] [24]. TheCPis thusreplacedby a ZP of identicallength TVU5W
leadingto the XZYR[]\^T Q TVU5W`_ symbolmatrix a.bcW L a�d.b�W with d.bcW beingthe Te[]\^T Q TVU5W`_
matrix

d.b�W L f>g hcg�iBg�jlk LOm0nU5W . (10)

After ZP deletion,we obtain a new matrix o L o�p m bcW of dimension XZqr[%T where m bcW is

the matrix of dimension \sT Q TVU5W`_t[rT given by

m b�W L
f>g�jlk h�gcjDk7i5uvg�wBg�jlk7x

hcgcjDk7i5uygcwBg�jlk7x fzgcwBg�jlk
f>g�jlk h�gcjDk7i5uvg�wBg�jlk7x

L d nU5W . (11)

It is evident from (10) and(11) that the ZP-OLA slightly colors the noise.However, this noise

colorationcanbeneglectedwithout muchperformancedegradation.Finally, it is worth stressing

that model (7) is also obtainedfor SCT with Interleaved Frequency-Division Multiple Access

(IFDMA) [21], a promisingtechniquefor which the proposedclassof block turbo-equalizersis

perfectlymatched.

I I I . A CLASS OF FREQUENCY DOMAIN BLOCK TURBO-EQUALIZERS

A. Optimal iterative algorithm

In order to minimize the Block Error Rate(BLER), we aim at solving the following discrete

optimizationproblem:

{ L}|�~��	��|�������+�^�� ��� { L��]� o'� . (12)

This discreteoptimizationproblemis often reformulatedasfollows. Find

����L}|�~�����|��� ��� � �����+������ �����B�
��� a L
  \ � _ � o�� . (13)
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A decisionis taken on eachinformation bit ¡�¢ basedon (13) and a block error is declared

whenever oneestimatedbit is wrong. Brute force resolutionof (13) is far beyond the scopeof

practical feasibility. To the bestof the Authors’ knowledge,the most efficient methodto deal

with (13) consistsin applyingtheBelief Propagation(BP) algorithm[25] [26], which iteratively

approximatethepmfscorrespondingto themarginalsof the joint A PosterioriProbability(APP)£�¤ ¥§¦�¨ª© «'¬
. TheBP iterative joint decoderbelongsto theclassof message-passingalgorithms

for graphicalmodels[27]. It relieson the ideaof exchangingmessages,in the form of pmfs of

codedsymbols ­�®�¯s° ±D² , betweenwell-chosenfunctional blocks. In our case,the two functional

blocksarespace-timedetectionandouterdecoding(comprisingsymbol-to-digitsoft demapping,

deinterleaving and decodingin the caseof STBICM). At any current iteration ³ ¦µ´·¶<¸<¸<¸�¶ ³�¹�º¼»
of the algorithm, we assumeavailable and usablethe set of probabilistic messages½]¾À¿ÂÁ5Ã¼Ä¯s° ± Å
­ £ ¾v¿ÂÁ5Ã¼Ä¯s° ± ÆsÇ7ÈÊÉ�Ç�ËOÌ ¯Í² where

£ ¾À¿-Á5Ã¼Ä¯s° ± ÆsÇ7È actsas the a priori probability that the randomvariable

®�¯s° ± takesrealizationÇ (deliveredat iteration ³·ÎÐÏ ). Following [15], it is understoodthatnotation

½ ¾v¿ÂÁ5Ã¼Ä¯s° ± standsfor a pmf definedover thediscretealphabetÌ ¯ . At first iteration ³ ¦}´
, probabilistic

messages½�¾ÑÁ5Ã¼Ä¯s° ± are initialized with uniform pmfs.

Step 1: The space-timedetectioncalculatesthe pmfs

Ò ¾À¿ÂÄ¯s° ± Æ^Ç·ÈÔÓ Õ`Öz×ÔØlÙ Ú�ÛÝÜ Þ�ßBÚ�à�Æ «§© ¨ È
¾ ¯�á-° ±>á ÄÑâ

ß
¾ ¯s° ± Ä

£ ¾À¿ÂÁ5Ã¼Ä¯�áF° ±záãÆ^Ç ¯�á-° ±zá È (14)

where

à0Æ «§© ¨ ÈtÓ}äæå)ç Î ÆÂè Îré�ê�ë Èzìsí Á5Ãî ÆÂè ÎÐé$ê�ë È . (15)

In the turbo-decodingterminology, messagesï�¾À¿ÂÄ¯s° ± ’s are often referredto as EXTrinsic (EXT)

pmfs on codedsymbolsgiven the observed matrix
«

andthe a priori pmfs ½�¾À¿ÂÁ5Ã¼Ä¯�áF° ±zá ’s.

Step 2: The outerdecodingis formally expressedas

£ ¾v¿ÂÄ¯s° ±0ÆsÇ·ÈÔÓ Õðß5ñ
¾ÑòóÄ
Özô5Ù Ú ÛÝÜ Þ ßBÚ

¾ ¯�áF° ±zá ÄFâ
ß
¾ ¯s° ± Ä

Ò ¾y¿ÂÄ¯�á-° ±záõÆ^Ç ¯�á-° ±>á È . (16)

In the turbo-decodingterminology, messages½�¾À¿ÂÄ¯s° ± ’s areoften referredto asEXT pmfs on coded

symbolsgiven the intrinsic pmfs ï�¾y¿-Ä¯ á ° ± á ’s.
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This completesan iteration. At each iteration, one can also computethe APPs on coded

symbolsdefinedas öÊ÷M÷MøúùÂûüsý þ�ÿ�� ��� ÷Møvù-ûüsý þ0ÿ�� ��� øyùÂûüsý þRÿ�� � . (17)

After a given numberof iterations�
	���
 , a bit decisionis madeaccordingto

����� sign ��� ����� ø�� û�� ��! "�# ��$ ø üsý þ û öÊ÷M÷Møúù&%('&)zûüsý þ ÿ�� üsý þ �
* ����� ø+� û&� ��! "�# �-, ø üsý þ û öÊ÷M÷Møúù %('&) ûüsý þ ÿ�� üsý þ � . (18)

With only two functionalblocks,the schedulingis obvious. In the STBICM setting(favored in

the simulationSection),pmfs . øvùÂûüsý þ ’s are constructedfrom EXT pmfs (or log ratios) on coded

bits fed backby the decoder(simpleproductassumingperfectspace-timeinterleaving andthus

symbol digit independence).Marginal EXT pmfs on symbol digits have to be extracted(by

simple marginalization) from the / øvùÂûüsý þ ’s and serve, after space-timede-interleaving as intrinsic

pmfs (or log ratios)on codedbits for the decoder.

B. New conceptoverview

Clearly, space-timedetectionis the mostcomputationallydemandingtaskdueto the multiple

sumsover discretealphabets.In orderto decreasethecomplexity, we proposeto split space-time

detectioninto separatestages,i.e., to equalizegroupsof symbolsin vector 0 usingthesuboptimal

MMSE criterion andto optimally detectsymbolcomponentswithin eachequalizedgroupusing

theMAP criterion.Let uspartition the 13254 symbolsin 0 into 176 groups,8 ,:9<;<;=;=9 8?>A@(B $ , each

of thembeingdefinedasa setof index couples ÿDC 9 E � with CGFIHKJ 9 172MLONQP and
E FRHSJ 9 4TLUNQP 1.

IGI appearsassoonas 136WVUX . We refer the two aforementionedcomputationbuilding blocks

as IGI equalizationand intra-groupcomponentdetection.The choice of the partition should

be primarily dictatedby the observation of the Gram matrix Y[Z\^] B $_ Y \ (or Y[Z\^] B $_ Y \ )

andcomplexity impediments,i.e., highly correlatedcomponentsshouldbe groupedtaking into

accountthe computationalfeasibility of the subsequentcomponentdetection.

1Note that index pairs `badcdegf convey the distinctionbetweenspaceandtime dimensions(inherentto MIMO communications),

which do not appearexplicitly for block transmissionandarbitrarily chosenpartitions.
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Step 1: For a specifiedgroup h , the IGI equalizationstartscomputingan MMSE estimate

ikjSlnmo of p oUq r sut�v wyx3z+{g|<}k~�� h��b� given the observation vector � and the set of a priori pmfs��� j�ln����mt�v w x�zD{g|<}k~��� h�� (symbol componentsin h are premiseduniformly distributed). This

(biased)estimatetakes the form

ikj�lnmo���� j�l�mo p o���� j�lnmo (19)

where� j�lnmo is a squarematrix of dimension�KhT� andwhere � j�l�mo is a zero-meanrandomvectorwith

covariancematrix � j�lnm��� . Using a GaussianApproximation (GA) on the non-trivial conditional

pdf i jSlnmo � p o , the IGI equalizationgivesthe intermediatepmfs

� jSlnmo z� �~�¡O¢¤£¦¥ §Mz ikjSlnmo § � jSlnmo  �~ ¨©z � jSlnm�¤� ~ ��� z ikjSlnmo § � j�l�mo  �~ (20)

definedover thediscretealphabetª o built astheCartesianproductof theconstellationsinvolved

in the definition of p o .

Step 2: Componentdetectionfor group h computesthe pmfs

« jSlnmt�v w z�¬(~�¡ ­g® ¯ ��° ±©²�³ ´�µ¶± � j�l�mo zn �~
j t+·�v w^· m

® o¹¸�º j t�v w m�»
¼ jSln����mt+·�v w · z�¬½t+·&v w ·�~ . (21)

Step 3: Outerdecodingis kept unmodified,formally expressedas

¼ jSlnmt�v w z�¬¾~�¡ ¿ µkÀ j+ÁÂm
® Ã ° ±©²�³ ´Äµ¶± j t+·&v w · m�Åµ j t�v w m

« j�l�mt · v w · z�¬Æt+·&v w ·�~ . (22)

Eachiteration is againconcludedby the calculationof the APPson codedsymbolsas

Ç ¼È¼ jKlnmt�v w z�¬(~�¡ ¼ j�l�mt�v w z�¬¾~ « j�lnmt�v w z�¬¾~ . (23)

and the samedecisionrule (18) is appliedat the end.This 3-stepiterative proceduregivesrise

to multiple schedulingoptions.The referenceschedulingis madeof onepassof eachstep,but

nothingpreventsto imagineother typesof schedulings(seesimulationSection).

C. Details of Wiener filters for IGI equalization

In the sequel,all conditioningare donewith respectto the pmfs
� jSln����mt�v w ’s. We omit iteration

index É for the sake of notationsimplicity. Given the
� t�v w ’s, we can computethe conditional

vector mean sut�v wMq � sut�v w � � t�v w � and the conditionalcovariance Ê t�v wMq � � sut�v wG§ sut�v w � ËÌ� � t�v w �
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of eachcodedsymbol ÍuÎ�Ï Ð . In compliancewith model (7), let us introducethe stacked vectors

Ñ Ò Ó�Ñ Ô�Ó�Õ Î�Ï Ð�Ö5Ö and Ñ × ØÙÒ Ó�Ñ ÔSÓ�Õ Î�Ï ÐÛÚAÜ+ÝgÞ<ßáà�âãåä ÖAÖ . Let æ Ø be the matrix of dimensionç3è5éëê Ô ä Ô definedas Ñ Ø�ì æ?íØ Ñ . The achieving of the (biased)MMSE estimate(19) results

from the following canonicaldecomposition.

Step 1: The stacked observation vector î is renderedzero-meanby subtractingthe meanî × Ø
conditionedto Ó�Õ Î�Ï Ð3ÚAÜDÝgÞ<ßkàÈâãåä Ö , expressedas

î × Ø Òðïòñ Ñ × Ø ì ïòñ ó ô5õ=öø÷ æ Ø æ íØ Ñ . (24)

The vector î × Ø modelsthe conditionalsoft interferenceaffecting group ä .

Step 2: A biasedestimate ù½úØ of the vector Ñ Ø is simply given by the output of the Ô ä Ô -
dimensionalWienerfilter û úØ appliedto the zero-meanobservation î ÷ î × Ø andminimizing the

conditionalMeanSquareError (MSE)

Ñ Ø ÷ û úØ î ÷ î × Ø Ñ Ø ÷ û úØ î ÷ î × Ø í ÔSÓ�Õ Î�Ï ÐÛÚAÜDÝgÞ<ßkàÈâãåä Ö (25)

in the senseof the stochasticmatrix innerproduct ü Ñ Þ©îþý Ò Ñ î í ÔKÓ�Õ Ö 2. The projection

theoremtogetherwith the inversionlemmayield the following expression

ûÌÿØ ì������Ø æÈíØ ï íñ�� ��� (26)

in which we have introducedthe following intermediatematrices

� ì ïòñ	��
 ï íñ
� ��� ,

� Ø ì æÈíØ ��
 æ Ø ,

� Ø ì æ íØ ï íñ�� ��� ïòñ æ Ø ,

�ÈØ ì ó × Ø¹× � � Ø ó × Ø × ÷ � Ø ,

��
 ì Ü Ñ ÷ Ñ àAÜ Ñ ÷ Ñ à í ÔSÓ�Õ Î�Ï Ð-Ö ì diag Ó������ Þ�� Î�Ï Ð�Þ ����� Ö .

(27)

Indeed,assuminginfinitely deep space-timeinterleaving, both time independenceand space

independencebetweencomponentsin vector Ñ hold andthe covariancematrix ��
 is diagonal.

2Notethatsucha MSE impliestheminimizationof theMSE associatedwith theconventionalstochasticinnerproduct���������! "$# �&%'�)(+*-,/.-021-35476 "$# tr # �!�&%�(8*-,/.-021-394&4 .
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The outputof the Wienerfilter :<;= is given by

> ;=@? : ;= A B A C = ?�DFE�G=IH =KJ�=MLON ;= . (28)

Step 3: SincetheSignal-to-interferenceplusNoiseRatio (SINR) percomponentat theoutput

of the IGI equalizeris invariantby left multiplication by any squareconstantinvertible matrix

of dimension P2QRP , we canratherconsiderthe output

> = ?SD = >UT= ? H =VJW=XLONY= (29)

of the filter : = ?ZD = :<;=[?Z\^]=`_ ]a�b E�G . In (29), N	=dc C = C
is a zero-meanrandomvector of

residual(ISI+thermal)noisewith conditionalcovariancematrix

eFfhg ? NY=iN ]= P8j!kml�n oqp7rtsvu�w9xzyc Q�{ ? H = | C = C B~} = H = . (30)

As alreadypointed out in few contributions, computingdecisionstatistics ��l�n o and ��l�n o with

b k�kml�n o ’s insteadof EXT pmfs k$l�n o ’s introducesa conditionalnegativebiasin thevectorresidual

(ISI+thermal)noisevector N	= which tendsto cancelthe usefulsignalcomponentin model(19).

In order to fight back this detrimentaleffect, some authors(see, for example, [28] [29] in

the context of multiuser turbo-detectionfor CDMA) have tried to justify the calculation of

decisionstatisticswith EXT pmfs by invoking the basicrulesgoverningthe BP algorithm[25].

However, we empirically witnessedthat betterperformance(i.e., betterconditionalinterference

estimation)is sometimesachieved whenall the information sourcesat disposal(i.e., including

channelobservation) areusedand that mitigation of the biaseffect appearsafter few iterations

(no oscillatorybehavior, fasterconvergence).We will not elaborateon this quite intricaterather

difficult to analyzesubject,having no satisfactory theoreticexplanationyet.

The complexity of the IGI equalizationstep is largely dominatedby the inversion of the

squarematrix b of dimension �q��� (doneonly oncefor all groups).We note that, due to the

conditionalcovariancematrix
e��

, matrix b is not block circulant despitethe CP operations.

Besides,thecalculationof pmfs (20) for theparticulargroup Q obviously requiresthe inversion

of (30) of dimension P2QRP . This additionalcomplexity may not be negligible for large groups.
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D. Efficient frequencydomainimplementation

For efficient computationof �R��� in the Fourier domain,the unconditionalapproximationis

thekey, thatbasicallyconsistsin minimizing theensemble(or block) MeanSquareError (MSE)

insteadof the conditionalinstantaneousMSE (25) [30]. Doing so, the conditionalvariances����� �
are replacedby their ensembleaverageas

� �7� ������� ��� (31)

which, in practice,areevaluatedusing the consistentestimator

� ���
�
�
� ���
�&��� ����� � . (32)

The conditionalcovariancematrix ��� is replacedby its ensembleaverageas

� � � �!��� ����� �/� � (33)

with

� � diag � � �&�� � � ¡� �&¢¤£ ��� � . (34)

Whensubstituting(33) for ��� in matrix � , the latterbecomesblock circulantandcanbeblock

diagonalizedin the Fourier basisas

�¥�§¦©¨� � ¢�ª « � � « ¨�¬ ��­ ¦ � � ¢7ª . (35)

From(35), we deductthat thecomputationof � ��� in theFourierdomainrequiresthe inversions

of
�

squarematricesof (muchreduced)dimension®q¯ . Thecomplexity is linearin thespace-time

codelength
�

andcubic in thenumberof receive antennas®°¯ . In contrastwith thetime domain

sliding-window approach[15], it is insensitive to the channelmemory ± , which constitutesan

obvious advantagefor very high-datarateMIMO systems(large ISI span).

The secondaforementionedcomplexity impedimentconcernsthe inversion of covariance

matrices(30) for the different groups.We first note that the matrix ² ¨³ � ��� ² ³ , involved in

the calculationof ´Fµ is block circulantandcanbe block diagonalizedin the Fourier basisas

² ¨³ � ��� ² ³ �§¦ ¨� � ¢ £ « ¨ « � � « ¨�¬ ��­ ��� « ¦ � � ¢¤£ . (36)
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It is clear that arbitrarily chosenpartitionsyield ¶ -dependentexpressionsof matrices·�¸ and
¹ ¸ . Conversely, weareinterestedby well-structuredpartitionshaving thenicepropertyto render

·�¸ and
¹ ¸º¶ -independent,so that only one inversionof (30) is required.Partitions of such

type involve groupsof equalcardinality madeof consecutive constellationsymbols.They are

compactlydescribedas: »q¼X½d¾V¿�»qÀ (with »qÀ<Á Â dividing ¾ ) and

¶�Ã/½[ÄWÅ�Æ�Ç	ÈÉ»°ÀËÊWÇ�Ì�Ì�ÌvÇ�ÅÍ»°Î�ÏÑÐ�ÇYÈÉ»qÀËÊ�Ç�Ì�Ì�Ì
Ì�Ì�Ì�Ç�Å-Æ�Ç�ÅtÈÓÒdÐ¡Ê�»°À
ÏÑÐ¡ÊÔÇ�Ì�Ì�Ì¡Ç�ÅÍ»°Î�ÏÑÐ�Ç�ÅtÈÓÒ[ÐvÊ�»qÀ�ÏÑÐ¡Ê�ÕVÇ°Ö�È×ÁÙØ2Æ�Ç�»°¼ÓÏ[Ð¡Ú .

(37)

For thesepartitions,matrices·�¸)Û and
¹ ¸)Û have identicalexpressionsgiven by

Ü ½ÝØ Þ�ß7à�ß¤áãâäß7à�ß¤á�å�ß7àæß¤á�çéèÔàÍê�ë'ì-Úæí ,

·î½ Ü�ï�ðòñ Ü ½§Þ�ß àôó ð ,
¹ ½ Ü^ï�õ ïè�ö ß¤á5÷ ï ÷ ðòñ ÷ ï ÒIø�ù ê�ë ÷ õ è�ö ß á Ü .

Greatattentionis given to the subcase»qÀú½¥Ð . Indeed,for this naturalpartition, groups Ä�¶�Ã9Õ
definedas

¶�Ã/½dÄWÅ�Æ�Ç	È)Ê�Ç�Ì�Ì�Ì�Ç�ÅÍ»qÎ�Ï[Ð�ÇYÈ)Ê�ÕKÇúÖ�È×ÁÙØ+Æ�Ç�¾ûÏ[Ð¡Ú (38)

simply refer to columnsof ü , i.e., to vector constellationsymbolsand IGI coincideswith ISI

(in »qÎ -dimensionalsense).Nothing preventsusing the (natural)time index ý (insteadof È ) to

identify the groups.Matrices ·�¸Vþ and
¹ ¸Éþ have identicalexpressionsgiven by

·Ý½ ð
,

¹ ½ ëè èäê�ëÿ���� ÷ ïÿ ÷ ÿ ð ÷ ïÿ Ò ø�ù ê�ë ÷ ÿ .
(39)

In compliancewith (7) (9), the ISI equalizationpart of the turbo-equalizeris summedup in the

following setof equations

� � ½��	� � Ï�
 � � ,

�î½ ÷ ï ÷ ðòñ ÷ ï Ò ø�ù ê�ë
,


 ½ ÷ ï ÷ ðòñ ÷ ï Ò~ø�ù ê�ë ÷ ÏIÞ�è ó ¹ .

(40)

The MMSE estimate ��
 of constellationsymbol � 
 is simply extracted from � � as ��
 ½
Ü ï
 õ ïè�ö ß á � � .
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We also detail a third partition, which doesnot possessthe desiredproperty, but for which

the computationalcomplexity is minimized. It is compactly describedas: ����� ����� and
������� �"! ���$#&%(' suchthat

� �*)+���-,�. with . �/�0�"! ���1#&%2' ! ) �/�0�"! �3#&%2'
465 �87:9;. ! )=<?> . (41)

Eachgroup
4@5

refersto a singleconstellationsymbol ACBED F . For this conventionalpartition, the

matrices G@HJI and KLHMI are reducedto scalarsdenoted NOBED F and PQBED F . Taking into accountthe

cyclic structureof RTS , thereareonly ��� suchscalarsto compute.More precisely, expressions

of NUBED F and PQBED F are ) -independentandgiven by

V BW� � X�YB % X�YZ�[]\ B \�^ '`_ ,

NUBED Fa�*NOBb� V+cB R V Bb�edfB !g� ) ,

PQBED Fh�iPQBj� V cB ^k k+\�^l�m�n$o cl o l R o cl ,qp-r
\�^ o l V B !g� ) .

(42)

In fact, this partition yields the conventionalWang and Poor’s algorithm [13] (derived in the

context of MIMO transmissions[16] [17] and revisited with the unconditionalapproximation

[18]), for which ISI and CAI are jointly cancelledin MMSE sense.The set of equations(40)

still sumsup theMMSE ISI equalizationandMMSE-basedCAI cancellationpartsof the turbo-

equalizerwith Ks� diag7tP n !fufufu2! P Z [ \�^ > in v . The MMSE estimatewxBED F of constellationsymbol

ACBED F is similarly extractedfrom y z as wxBED Fa� V�cBED F|{ ck D Z [ y z whereV BED Fa� � X YF Z�[Q} B % X Yk�Z�[]\ B \ F Z�[Q\�^ '~_ .

Our novel conceptthusestablishesa smoothtransitionfrom theoptimalBP algorithm(for which

thereexists a single group, the entire block, and no IGI) to the well-known Wang and Poor’s

algorithm(for which groupsarerestrictedto a singlespace-timecomponent).

E. Criteria hybridization

The ideaof replacingthe Wienerfilters ��H by simpleMatched-Filters(MFs) ���h�H ��� cHb� c�
during the courseof iterationswas originally addressedin [7] [31] for time-invariant single-

antennaISI channelsandlatergeneralizedto MIMO fadingchannelsin [32] [33]. Theexpression

of the covariancematrix (30) is modifiedas

p��U�$��� cH � c� � � p1S #���H�p-S � cH � c� � � �TH�,i� cH � c� p-r � � ��H . (43)
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In [31], anEXIT chartanalysisis conductedto properlycharacterizetheconvergencebehavior of

thosehybrid iterativeprocedures.Suchananalysiscannotbetrivially enlargedto thecaseof non-

ergodic MIMO channels.Fortunately, the observed phenomenado not dependon the particular

transmissionscenarioandprovide usdesignguidelines.Clearly, MF-basedIGI equalizationfails

in earlyiterationswhentheloadperantennabecomestoo important(superiorto � bit/c.u/antenna)

[34] but works well once the quality of the regeneratedsoft interferenceis ”good enough”.

To achieve this goal, we suggestthe threefold strategy: first, always start with MMSE IGI

equalization;second,employ �L�6���E� � ’s insteadof EXT pmfs ���E� � ’s to computethe conditional

decisionstatistics� �C�E� ��� and �"�x�E� ��� ; third, introducea modifiedschedulingin which several inner

iterationsare performedbetweenintra-groupcomponentdetectionand outer decodingbefore

reactivating IGI equalization.With sucha modifiedscheduling,the receiver canbe viewed asa

doubly iterative structure(i.e., madeof multiple embeddediterative loops).

When the cardinality of the groupsis high, the exact calculationof probabilistic messages

� �E� � ’smaybecomecomputationallyheavy, entailingtheresortto sub-optimalreduced-complexity

algorithms.Prominentamongthemis theList-APPSphereDecoder(LSD) [37], whosecomplex-

ity is lesssensitive to the alphabetsize ��� . Another reduced-complexity option would consist

in switching on MMSE-basedintra-groupinterferencecancellation[29]. On this subject,it is

worth reminding that, whatever be the chosenpartition, MMSE IGI equalizationfollowed by

MMSE-basedintra-groupinterferencecancellationyieldsnothingbut theturbo-equalizerdefined

with theconventionalpartitionaslong asa referenceschedulingis applied[15, Appendix].This

result is no longervalid with a modifiedscheduling,however.

Finally, an oversimplified classof turbo-equalizerscan be obtainedby combining the two

aforementionedideas, i.e., MF-basedIGI equalization(after convergence)and MMSE-based

intra-groupinterferencecancellation.Suchvery-low complexity turbo-equalizersprovide good

performancefor large MIMO systemsandweak loads(typically up to � bit/c.u/antenna).
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IV. NUMERICAL RESULTS AND DISCUSSION

A. Simulationsetting

In this paper, we restrictourselvesto SU MIMO communicationscenariosandput emphasis

on theperformanceof theturbo-equalizerderivedwith thenaturalpartitionanddifferentschedul-

ing/hybridizationoptions3. ThesingleuseremploysaSTBICM with thefollowing characteristics:

rate-�"���¡ Q� -statenon-recursive convolutional codewith ¢¤£¦¥¨§©§�ª«  , ¬2  -QAM modulation(Gray

labeling).The block length is ­qª®¬(¯Q° ( ±³²�ª´°Q�QµQ� bits includedtail). The cyclic prefix length

is equal to the channelmemory ¶E­b·�¸¹ª»º8¼ . Transmissionoccurson quasi-static°$½¾° or

�$½e� MIMO channelswith º ª¿° and EXPonentialdecreasingtaps (EXP� ): on eachlink

¶;À�ÁÃÂ¦¼ , the º¿Ä/¬ channelcoefficientsarei.i.d circularly symmetriccomplex Gaussianfollowing

pdfs ÅÇÆÈ¶Éµ"ÁfÊÌËÍ ¼ with ÊÌËÍ¿Î ÏOÐÇÑ ¶EÒ@°tÓÔ¼ÕÁ×Ö�Ó . The spectralefficiency is ØÙª   bits/c.u. and

Ø�ª®¬2° bits/c.u,respectively. The noisevectors ÚÜÛ are assumedcircularly symmetriccomplex

Gaussianand spatially uncorrelated,i.e., Ý1Þ ª Ê Ëtß?àWá=â Spacecomponentdetectionalways

relies on MAP criterion. For the �ã½�� MIMO channel,the optimal MAP detectoris far too

complex. It is practically implementedusing the LSD describedin [37]. The sphericallist is

centeredon the Maximum Likelihood(ML) point insteadof the received point. The ML point

is computedthanksto an acceleratedLSD basedon the Schnorr-Euchnerenumerationstrategy.

If not otherwisestated,the LSD origin centeredlist size is fixed to ¬2µQµQµQµ points. Particular

attentionis given to the region of BLock Error Rate (BLER) above ¬2µ]ä�Ë as a retransmission

protocol is in place[35]. The outageprobability is alwaysgiven asa referencecurve [36]. One

iteration of the referenceschedulingcomprisesone passof ISI equalization,spacecomponent

detectionandouterdecoding.Unlessotherwisestated,å iterationsarenecessaryto converge. In

this section,we compare:

1) The turbo-equalizerderived in [18] and correspondingto conventionalpartition, MMSE

3As expected,we witnessedthat the frequency domainblock turbo-equalizersprovide slightly betterperformancethan their

time domaincounterpartswith a sliding-window approach[15], while keepinga complexity independentof thechannelmemoryæ
. Consequently, simulationresultsandcommentsin [15, SectionV] keepall their relevancehere,demonstratingthe interest

of the naturalpartition over the conventionalone.
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ISI equalization,MMSE-basedCAI cancellationandreferencescheduling(referredto as

Conv. MMSE in the figure legends).

2) The turbo-equalizerderived with natural partition, MMSE ISI equalization,MAP space

componentdetection,and referencescheduling(referredto as Nat. MAP in the figure

legends).

3) The samewith SubMAP spacecomponentdetection(LSD) (referredto as Nat. LSD in

the figure legends).

4) The turbo-equalizerderived with natural partition, MMSE ISI equalization,MAP space

componentdetectionandmodifiedscheduling(referredto asNat.DoublyMAP in thefigure

legends).The modified schedulingperforms ç inner iterationsbetweenspacecomponent

detection and outer decodingduring the first two iterations. We witness that only ç
iterationsarenecessaryto converge.

5) The samewith SubMAP spacecomponentdetection(LSD) (referredto as Nat. Doubly

LSD in the figure legends).

6) The turbo-equalizerderivedwith naturalpartition,MMSE ISI equalizationat first iteration

andMF ISI equalizationfor thesubsequentiterations,SubMAPspacecomponentdetection

(LSD) andreferencescheduling(referredto asNat. Hybrid LSD in the figure legends).

7) The turbo-equalizerderivedwith naturalpartition,MMSE ISI equalizationat first iteration

andMF ISI equalizationfor thesubsequentiterations,SubMAPspacecomponentdetection

(LSD) and modified scheduling(referred to as Nat. Hybrid Doubly LSD in the figure

legends).The modified schedulingperforms è inner iterationsbetweenspacecomponent

detectionandouterdecodingat first iteration.

B. Turbo-equalizationwith referencescheduling

In Fig. 1, we addressthe impactof theprefix operationsperformedat thetransmittersidecon-

sideringtheNat.MAP turbo-equalizer. A slightperformancelossis causedby thenoisecoloration

inducedby the ZP-OLA technique.This degradationis mainly visible at low SNRs.In Fig. 2

the improvementbroughtby APP-basedover EXT-basedinterferenceregeneration/subtraction
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is shown for Nat. MAP andConv. MMSE turbo-equalizers.It is morepronouncedfor the Conv.

MMSE turbo-equalizer( é dB at BLER ê2ë]ì�í ). However, a é dB gap remainsat BLER ê2ë]ì�î
betweenthe two turbo-equalizers,proving the interestof the naturalpartition. In the sequel,we

only considerAPP-basedinterferenceregeneration/subtractionandCP insertion.

C. Turbo-equalizationwith modifiedscheduling

This subsectiondeals with the impact of the scheduling.In Fig. 3, we considera ïñð�ï
quasi-staticchannel.Fig. 4 envisagesa quasi-staticò�ðãò MIMO channel,which necessitatesthe

useof the LSD. Interestingly, we witnessedthat for the Nat. Doubly LSD turbo-equalizer, the

origin-centeredlist couldbereducedto óQë�ëQë pointswithout significantperformancedegradation.

The averagenumberof candidatesô�õ÷öOøtù per block andper iterationusedto evaluatethe ú1ûEü ý ’s

(with respectto someSNR values)is reportedin Table I for both Nat. LSD and Nat. Doubly

LSD turbo-equalizers.

þ�ÿ�� ô�� (dB) ë ï ò ó � �
ô�õEöOøtù (Nat. LSD) ê2ò�ê�� ê2ó�ï�� ê2ó�òQï ê(óQòQó ê(óQò�� ê(óQóQé

ô�õ÷öOøtù (Nat. Doubly LSD) 	�	�ï ��ëQò ��ïQò ��òQó �QóQé ���Qé
Table I. Averagenumberof candidatesfor LSD

By reference,exhaustive MAP spacedetectionwould requirethe computationof ï�

�����Qó�óQé��
likelihoods.In Fig. 3 and 4, we observe that BLER performanceare similar for the Nat. and

Nat. Doubly turbo-equalizertypes.Thegapto theoutageprobability is (only) ò dB for the ï�ð ï
channeland é�� ó dB for the ò�ð	ò channelat BLER ê2ë ì�í . Taking into accounttherespective LSD

numberof candidates,we concludethat modifying the schedulingallows to save complexity.

D. Impactof antennacorrelation

Finally, we investigatethe ability of different typesof turbo-equalizersto fight back spatial

antennacorrelation.The correlatedMIMO channeltaps ��� ’s canbe expressedas

������� 
��¨í��� ���� � 
��¨í� �"!$#"% (44)
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where the &(') ’s standsfor the uncorrelatedtapsand where *,+ - and *,+�. standfor the /10
dimensionaltransmit covariancematrix and the /12 dimensionalreceive covariancematrix,

respectively. This modeloccurswhenall transmitandreceive antennasareclosely locatedand

have identical radiationpattern.Following [38], we take

*,+ -43�*,+�.53

6 7 7 7
7 6 7 7
7 7 6 7
7 7 7 6

(45)

where 8:9 7 9 6
. It assumesthat the correlationis identical betweenall transmitand receive

antennas.This obviously representsa worst casefor we canreasonablyexpect that the antenna

correlationdecreaseswith the distance.We consideranew the transmissionover a ;�<=; EXP>
MIMO channel.In Fig. 5, the performanceof the Nat. LSD turbo-equalizeris plotted and

comparedto the performanceoffered by the Conv. MMSE turbo-equalizerfor a correlation

factor
7 3?8�@BA . Clearly, the latter is not able to deal with sucha scenario.It performs C�@BD dB

from the outageprobability curve at BLER
6 8�EGF . The gain brought by the Nat. LSD turbo-

equalizeris almost ; dB at BLER
6 8 EGF . The performanceof the Nat. LSD turbo-equalizerfor

both spatially correlatedand uncorrelatedMIMO channelsis then addressedin Fig. 6. For a

fixed outageprobability of
6 8 EGF , the correlatedchannelcapacity loss amountsto >�@HD dB for

7 3 8�@HA and A�@H; dB for
7 3 8�@HC . However, the turbo-equalizerperformancedegradationis

worse amountingto ;�@HD dB for
7 3I8�@HA and J dB for

7 3I8�@HC . Theseresultsconfirm that

even this powerful turbo-equalizerfacessomedifficulties to treat severe antennacorrelation.

Nonetheless,it is much more efficient for this task than the Conv. MMSE turbo-equalizer. In

Fig. 7, Conv. MMSE, Nat. LSD, Nat. Hybrid LSDandNat. Hybrid Doubly LSD turbo-equalizers

are comparedagain for a ;K<L; EXP> MIMO channeland a correlationfactor
7 3M8�@BA . The

Nat. Hybrid Doubly LSD turbo-equalizerperformsonly
6

dB away from the Nat. LSD turbo-

equalizerat BLER
6 8 EGF . Furthermore,it allows

6 @BD dB gain comparedto the Nat. Hybrid LSD

one.Note that the Nat. Hybrid Doubly LSD turbo-equalizeralsoemploys an origin centeredlist
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of N�OGO�O points. To conclude,the Nat. Hybrid Doubly LSD turbo-equalizeroffers an excellent

performancecomplexity trade-off in this particulartransmissionscenario.

V. CONCLUSION

This paperhaspresenteda new classof block turbo-equalizersfor single-carrierspace-time

codedtransmissionover MIMO broadbandwirelesschannel.The key underlyingidea consists

in equalizing groups of transmittedsymbols and then detecting their individual space-time

componentsin a disjoint anditerative fashion.This functionalsplit naturallyinducesnew design

degreesof freedomthathave beenaccuratelylistedanddescribed,i.e., choiceof distinct criteria

for IGI equalizationand intra-groupcomponentdetection,yielding hybrid structures,multiple

iterative loops and relatedschedulingvariants.Hence,our novel conceptcomesin a variety

of algorithms that have been comparedin terms of performanceunder various transmission

scenarios.For all of them,MMSE equalizationcertainlyoccupiesa centralrole (at leastfor the

first iteration)andmay be identifiedas the computationalbottleneck.Fortunately, block spread

transmissiontogetherwith cyclic prefix operationsmake the channelmatrix block circulant,

thusallowing low complexity inversionin the Fourier domain(undermild conditionscarefully

specifiedin the paper).We believe that a full comprehensionof the fine dynamicsgoverning

the overall iterative processis now necessaryto better optimize the performance/complexity

trade-off for a specific transmissionscenario.This almost surely goes through the definition

of relevant analyzing tools. Density evolution or information geometryconstitutepromising

researchavenuesin this prospect.Thebehaviour of this classof turbo-equalizersin thepresence

of intra andintercell interferencesis alsoan interestingfuture researchtopic, notablythe impact

of neglecting the interferencetime correlationnecessaryfor their efficient frequency domain

implementations.
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